Linked cluster expansions provide a useful tool both for analytical and numerical investigations of lattice field theories. The expansion parameter is the interaction strength fields at neighboured lattice sites are coupled. They result into convergent series for free energies, correlation functions and susceptibilities. The expansions have been generalized to field theories at finite temperature and to a finite volume. Detailed information on critical behaviour can be extracted from the high order behaviour of the susceptibility series. We outline some of the steps by which the 20th order is achieved.
Linked cluster expansions provide a useful tool both for analytical and numerical investigations of lattice field theories. The expansion parameter is the interaction strength fields at neighboured lattice sites are coupled. They result into convergent series for free energies, correlation functions and susceptibilities. The expansions have been generalized to field theories at finite temperature and to a finite volume. Detailed information on critical behaviour can be extracted from the high order behaviour of the susceptibility series. We outline some of the steps by which the 20th order is achieved.
SERIES EXPANSIONS
Realistic physical models evolve enormous complexity and in many instances force us to use approximations or expansions about solvable cases. Convergent expansions allow for precise quantitative statements within their range of convergence. Under general conditions they are suitable for an investigation of phase transitions and of critical phenomena. The price to be paid is that normally high orders have to be computed in order to reveal collective behaviour, and special techniques have to be developed and applied.
The linked cluster expansion (LCE) amounts to a convergent hopping parameter expansion applied to the free energy or connected correlation functions of lattice models [1] . To be specific, let us consider the O(N ) symmetric scalar model defined on the hypercubic lattice Λ by the action
with
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we obtain the LCE as the Taylor expansion
and the obvious generalization to connected correlations and susceptibilities
The rapidly increasing combinatorical complexity can be managed by the approrpiate graphical device. The application of the LCE in field theory has been poineered by Lüscher and Weisz [2] . Lüscher and Weisz studied a lattice Φ 4 -theory close to its continuum limit in four dimensions. They succeeded in a 14th order computation of susceptibility series for arbitrary quartic couplings.
Normally, these expansions are applied to models on a lattice that is unbounded in all direction, and to the study of 2nd order transitions. There are recent new fields of application and generalization of LCE. A major topic are field theories at finite temperature [3] . Here one dimension of the lattice is compactified to a torus of length given by the inverse temperature L 0 in lattice units. If L 0 is an even number, equivalence classes of graphs can be introduced that do not depend on L 0 and hence are the same as for L 0 = ∞. There are then mainly two adjustments necessary in order to generalize LCE to this case. First, imbedding numbers change. The second point is more laborious. Comparing field theory models at zero and non-zero temperature, the shift of transition regions typically is rather small in bare parameters, whereas critical behaviour such as critical exponents in many instances undergo a considerable change. This different critical behaviour has to be resolved by the different high order behaviour of the susceptibility series. It amounts to an even higher order computation than on lattices unbounded in all directions. Graphs contributing to the expansion must be able to wind around the temperature torus sufficiently often in order to pick up sufficient finite temperature dependence.
We briefly mention two other recent generalizations of LCE. The first one is to apply LCE in a finite volume and to utilize finite size scaling analysis in order to study both 1st and 2nd order transitions, as well as tricritical behaviour [4] . This is the topic of the talk given by H. MeyerOrtmanns, these proceedings. The second generalization applies to models that couple fields at lattice sites which are not nearest neighbours [5] .
ALGEBRA OF GRAPHS
In the range of orders considered, the approximated computational costs of increasing the LCE series by two orders are a factor of about 30-40. Fast algorithms have to be developed to achieve this computation. Some of the problems that one is faced with are briefly described in the following.
A first step is to restrict the classes of graphs to be considered and write correlation functions in terms of quantities that allow for expansions into those restricted graph classes, such as 1PI ones. Furthermore, 1PI graphs are composed of 1VI graphs S and renormalized moments Q (one external vertex only).
Incidence matrices provide a convenient way to represent graphs algebraically. For a graph Γ with V vertices, the incidence matrix I Γ is the symmetric V × V -matrix obtained as follows.
• Enumerate the vertices in any order.
• I Γ (i, i) = number of external lines attached to the vertex v i .
• For i = j, I Γ (i, j) = number of common lines of the vertices v i and v j
As an example, the graph 5
is represented by the incidence matrix
This way of representing graphs is not unique because the vertices can be enumerated arbitrarily. Comparison of two graphs needs huge factorial numbers of simultaneous permutations of rows and columns. The actual construction of graphs is done by iteration on the number of lines. Equivalent graphs have to be kept only once, and the number of comparisions is a measure of the efficiency of the algorithms. A "canonical" representation of a graph Γ that is both unique and efficient is the following. Introduce a (partial) order relation on the set of vertices and enumerate the vertices in accordance with it. The incidence matrix then is defined by
where Π ′ is the subset of permutations that exchange vertices only if they stay unordered relative to each other under the preordering. The maximum is with respect to any total order relation on symmetric matrices.
The preorder of vertices should be as complete as possible. If all "local" properties of vertices are taken into account in an optimal way we obtain the order relation introduced by Lüscher and Weisz. They succeeded in a 14th order computation for 2-and 4-point functions. Even higher orders need to take into account more global properties. A good example is given by instead of (15!). Furthermore, order relations can be iteratively improved by taking into account order numbers of neighboured vertices, next to nearest neighbours and so one. Normally, one or two iterations are sufficient. The table shows the number of graphs for some classes generated as yet. The index k = 2, 4, 6 denotes the number of external lines attached, L is the order (number of internal lines).
The contribution of a graph, its weight, consists of two factors. The first factor is a rational number, itself a product of internal and (inverse) topological symmetry numbers and of the lattice imbedding number. It is only the latter that depends on the lattice size. The second factor comes from the product over the vertices. Every vertex contributes a finite dimensional integral that depends on the number of lines entering the vertex. The complete weight is a real number. The accumulation of roundoff errors is avoided by introducing so-called vertex structures. A vertex structure of a graph Γ is the multitupel of nonnegative integers, Γ → (µ 1 , µ 2 , . . .), where µ i denotes the number of vertices of Γ that have precisely i lines attached. Before multiplying the real coupling constants of the vertices, graphs with identical vertex structure are summed according to their rational weights.
An application to finite temperature field theory can be found in [6] .
